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ABSTRACT. In a bounded set in R®*! we study the problem of the regu-
larity of boundary points for the Dirichlet problem for a parabolic operator
with smooth coefficients. We give a geometric characterization, modelled on
Wiener’s criterion for Laplace’s equation, of those boundary points that are
regular. We also present some important consequences. Here is the main one:
a point is regular for a variable coefficient operator if and only if it is regular
for the constant coefficient operator obtained by freezing the coefficients at
that point.

1. Introduction and statement of the results. A basic issue in potential
theory is the convergence of the solution of the Dirichlet problem to the prescribed
boundary value. The primary motivation of this paper is to investigate such a
question for parabolic operators with smooth coefficients. As a result, given a
bounded open subset D C R"*! we obtain a geometric characterization of those
points (zg, to) € 0D which are regular for the Dirichlet problem.

In R™*! we consider the second order equation

(L.1) Lu = div(A(z,t)Vu) — Dyu =0,

where A(z,t) = (as(z,t)), 4,5 = 1,...,n, is a real, symmetric, matrix-valued
function on R™*! with C* entries. We assume that there exists v € (0, 1] such
that for every £ € R™ and every (z,t) € R"t!,

n

(1.2) vIE? < Y aii(a t)€g; < vER

7,7=1
As the results in this paper are of a local nature we also make the nonrestrictive
assumption that there exists a compact set Fy C R™*!, containing the origin, such
that forz,7=1,...,n
(1.3) aij(x,t) =6;; for (z,t) € Rn+l\F0.
A bounded open set U C R™*! is said to be L-regular if for any ¢ € C(8U) there
exists a (unique) HY € C*®°(U)NC(U) such that LHY = 0 in U, and for which for
every (zo,to) € OU
Hg(xa t) = QO(Z(), tO)'

m
(z,t)—(zo0,t0)
(z,t)eU
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A function w: D — R is said L-superparabolic in D if: (i) —oo < w < +o0,
w < 400 in a dense subset of D; (ii) w is lower semicontinuous (l.s.c.); (iii) for
every L-regular subset U C U C D, and every p € C(AU), if w|sy > ¢, then
w > Hg inU.

A function w: D — R is said to be L-subparabolic in D if —w is L-superparabolic.
We say that w is L-parabolic if w is both L-super and L-subparabolic.

For an arbitrary bounded open subset D C R™*!, and an arbitrary p € C(dD),
a generalized solution, u, of the Dirichlet problem

{ Lu=0 in D,
ulap = o,
is provided by the Perron-Wiener-Brelot-Bauer method as

(1.4)

(1.5) u = inf{w | w is L-superparabolic in D and liminfw > ¢ on dD}.

Classical potential theory assures that u € C°°(D) and that Lu = 0 in the classical
sense. However, it is not true in general that u attains continuously the boundary
value p. A point (zg,tg) € 0D is said to be L-regular if

(1.6) (I,t)l_lf(fioyto) u(z,t) = p(z0,to)

for any ¢ € C(0D), where u is defined as in (1.5). In order to state our results
we need to introduce a few more definitions. We let I'(z, ¢;y, s) denote the funda-
mental solution of L in (1.1). By virtue of the assumptions made on the matrix
of the coefficients, I'(z,t;y, s) is a C* function for (z,t) # (y,s). We denote by
M+ (R"t1) the set of all nonnegative Radon measures on R**!. If F C R"*! is
closed we let M*(F) = {u € M*(R"*!)| suppu C F}. For u € MT(R"*1) the
function

(1.7 Tu(et) = [ Tty o) dulwss)

is called the L-potential of pu. For a closed set FF C R™*! the L-capacity of F is
defined as

(1.8) capy,(F) = sup{u(R"*")|p € M*(F), T, <1on R"*'}.
Finally, given (zo,t9) € R™*! and a k € N we define for A € (0,1)

(1.9)
A(zo, to; AF) = {(z,t) € R™H| (47r/\k+1)_"/2 > I'(zo, to; 2, t) > (47r/\k)_”/2}
U {(z0,0)}-
A(zg,to; A¥) is the “annular” region between the two level sets {I'(zo,to;z,t) =
(4w Ak+1)=n/2} and {T(zo, to; z,t) = (4mA¥)~"/2} of the fundamental solution T".
One of the main results in this paper is the following
THEOREM 1.1. Given a bounded open subset D C R™*!, a point (z9,to) € dD
1s L-regular iff for every A € (0,1)
oo
(1.10) Z)\‘kn/zcapL(DcﬂA(z(),t();/\k)) = +00,
k=1

where D° = R™*1\D.
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We remark explicitly that the behavior of the series in (1.10) does not depend on
A€ (0,1).

In order to state the next theorem we consider another second order operator in
Rn+l’

(1.11) M = div(B(z,t)V) — D;.
B(z,t) = (bij(z,t)), 7,5 = 1,...,n, is a real, symmetric, matrix-valued function on
R™*! with C* entries, for which there exists a u € (0, 1] such that
n
(1.12) plE? <Y bijla )€ty < pte?
i,j=1

for every € € R™ and every (z,t) € R*t1.
The second main result in this paper is the following

THEOREM 1.2. Let L and M be two parabolic operators as in (1.1) and (1.11),
for which (1.2) and (1.12) hold respectively. Let D be a bounded open subset of
R™*! and let (zg,to) € OD be such that

(113) A(2:07t0) = B(fl}o, tO)
Then (zo,t0) is L-regular iff it is M -regular.
As a consequence of Theorem 1.2 we obtain

COROLLARY 1.1. Let L be as in (1.1) and let D be a bounded open subset of
R™*!. Then (z9,to) € 8D 1is L-regular iff (zo,t0) is Lo-regular, where Lg is the
constant coefficient operator

(1.14) Lo = diV(A(.’lIo, to)V) — Dy,
obtained from L by freezing the coefficients at (zg,to).

The proofs of Theorems 1.1 and 1.2 will be given in §4 of this paper. §§2 and
3 are devoted to establishing several results which constitute the building blocks
of §4. Before describing the plan of the paper we give a brief discussion of the
historical background.

Theorem 1.1 is modelled on Wiener’s well-known criterion for the regularity of
a boundary point for Laplace’s operator. In 1924 Wiener [W] proved that: given
a bounded domain Q C R"™, a point zo € 0N} is A-regular iff for every A > 1

[o o)
(1.15) Z M cap, (€N {z € R MHL > G(z0 — z) > M*}) = +00.

k=1
In (1.15) capa(-) denotes the Newtonian capacity, Q¢ = R"\Q, and G(zo — z)
the fundamental solution of A with pole at z = zo. In 1982 Evans and Gariepy

succeeded in extending Wiener’s criterion to the heat operator H = A — Dy in
R™*!. They proved (see [EG])

THEOREM (EVANS AND GARIEPY). Let D be a bounded open subset of R™*1.
A point (zg,t0) € D is H-regular iff for every A € (0,1)

oo
(1.16) Y AT*2 capy (D° N A(zo, to; AF)) = +oo.
k=1
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In (1.16) capg(-) denotes the heat-capacity defined as in (1.8) using the Gauss-
Weierstrass kernel

K(f,t;y,s) =K($—y;t—8)

(1.17) (47(t — ))~™/2 exp (— L“E;_ﬂ;), t>s,

0, t<s,

whereas A(zg,to; A\*) is defined as in (1.9), using K instead of I'. One should
mention that the “only if” part of the previous theorem had already been proved
by one of the authors in [L1]. Theorem 1.1 above extends Evans and Gariepy’s
result to parabolic operators with smooth variable coefficients.

The difficulties one encounters in passing from elliptic to parabolic equations
account for the time-lag between Wiener’s and Evans and Gariepy’s results. These
difficulties are due to the evolutive nature of the operator H, a fact which is reflected
in the form of the fundamental solution K in (1.17). The ingenious strategy in [EG]
is based on two main ingredients:

(1) Representation formulas for solutions of Hu = 0 as averages on the level sets
of the fundamental solution K; (2) A strong form of the Harnack inequality control-
ling a positive solution of Hu = 0 in suitable regions exterior to the parabolic ones
in which the usual Harnack inequality holds. Our proof of Theorem 1.1 follows the
general lines of Evans and Gariepy’s proof for the constant coefficients case. How-
ever, most of the proofs in [EG] relied on the explicit knowledge of the fundamental
solution K in (1.17) of the heat operator. For an operator with variable coefficients
the fundamental solution is not known explicitly, a fact which introduces a new
order of difficulty in the problem. The ad hoc tool to overcome this difficulty is
provided by the following asymptotic estimate for the proof of which we refer to
[GL]. For related results we refer the reader to [BGM] and [K].

THEOREM 1.3. Let K be a sufficiently small compact neighborhood of the origin
im R™. Forz,y € K, z # y, let T'(z,y.t) = I'(z,t;y,0) denote the fundamental
solution of L in (1.1) with pole at (y,0). Then ast — 0% we have the asymptotic
erpansion,

“n d*(z,y,t) o= .,
(1.18) [(z,y,t) ~ (47t)"™" % exp (—(T-) Zt’uj(z,y,t),

7=0
where, for everyt > 0, d(z,y,t) denotes the distance from x to y in the Riemannian
metric on K, ds? = g,;(t) dz;®dz;, g;j(t)(z) = (a¥(z, 1)), if (a¥(z,t)) = A7} (z,¢t).
The function ug tn the ezpansion (1.18) can be chosen such that ug(z,z,0) = 1.
By (1.18) we mean that there exist a suitably small T > 0 and a sequence (u;);eN,
with u; € C®°(K x K x [0,T]), such that for every k € N U {0} we can find
wg: K X K X (0,T) — R such that

k
Z tjuj(z,y, t) = wi(z,y,t)

(1.19)  T(z,y,t) — (4nt)"™2exp <—
1=0

d?(z,y,t)
4t

with

6z — t|?
(1.20) wi(z,y,t) =0 (tk'"/2 exp <—|I4—t|>> ast — 0,
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uniformly for z,y € K. In (1.20) § > 0 is a number depending on v in (1.2) and n.
An ezxpansion simular to (1.18) holds for the derivatives of T.

Theorem 1.3 plays a crucial role in this paper. With it in hand we have been
able to prove a strong form of Harnack’s inequality which provides quantitative
information on a positive solution, u, of (1.1) in regions exterior to those in which
the usual Harnack inequality holds. In order to state this result we introduce some
notation. For 29 = (z0,%), 2 = (z,t) € R**! and r > 0 we set

(1.21) U, (20) = {z € R" (20 2) = (47r)"™2} U {20},
(1.22) 0 (20) = {z € R™| T(20; 2) > (477)7"/2}.

We call ¥,(z0) and 2,(2¢) respectively the parabolic sphere and the parabolic ball
of radius r and center at zg.

(1.23) U} (20) = {z € R"*!|T(2;20) = (47r) "2} U {20},
and
(1.24) 0} (20) = {2 € R T(2;20) > (47r)7™/?},

are called respectively the adjoint parabolic sphere, and the adjoint parabolic ball
with radius r and center at 2. In the sequel, see §2 below, oy, 7, o, n; will be
numbers fixed throughout the discussion which solely depend on the eigenvalue v
in (1.2) and on the compact Fy in (1.3). For t < 0 and r > 0 we set

(1.25) RL(t) = 2na (=t) In(=rm1 /2),
(1.26) Qr ={z € Q,|t > —nr/2},

where in (1.26) 0, = Q,(0,0). One should keep in mind that ¢ and n have been
chosen in such a way that Q,, C Q2,, for every r > 0, and moreover —nr <
inf{t| (z,t) € Qpr} (see §2). Therefore, if we let

(1.27) I = {z e R""!| |z < Ri (=nr), t = —nr},

the two sets I, and @, are detached and there is a time-lag between them. Since
for p < r Q, C Q,, this is true also for I, and (3/4)o-- We can now state the
following

THEOREM 1.4 (STRONG HARNACK INEQUALITY). There exist ro >0 and a
A > 0 such that if u > 0 is a solution of Lu = 0 in Q,, with u € C(3Q2,\{(0,0)}),
then

(1.28) ][ u(z,—nr)dz <A _inf wu

. Q3/4)0r

for every r < rg. A in (1.28) does not depend on u.

In (1.28) f,r denotes the n-dimensional average on I,. We remark that Theorem
1.4 cannot be obtained just from the usual Harnack inequality since the set 2(3/4)0r
includes a region which is exterior to any paraboloid {t = —ér|z|?} with vertex at
(0,0) and opening in the negative time-direction. Theorem 1.4 extends to our
setting Lemma 3.2 in [EG]. The main tool in the proof of (1.28) is the construction
of a suitable subsolution of L which vanishes on the level set ¥, of the fundamental
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solution I'. We accomplish this by choosing a suitable concave function ¥: R - R
and setting
(1.29) v(z,t) = ¥(In[(4mor)™?T(0,0; z,1)])

(see §2 below). The core of the proof of Theorem 1.4 is to show that Lv > 0 in
that part of the parabolic ball {2,, which lies outside a paraboloid. To prove this
we must use the full strength of Theorem 1.3.

83 is dedicated to establish some mean-value formulas for solutions of Lu = f
on the sets ¥, and (2, introduced in (1.21), (1.22). In what follows we indicate by
the letters z, 29, ¢ the points in R**!, (z,t), (z0,%0), (£,7) respectively. We will
prove the following

THEOREM 1.5. Letu € C®(R™*1) and let 29 € R™*1. For a.e. r > 0 we have

(1.30) - L IRGECIAYCRIRADELAD

= u(z) + /Q ( )Lu(z)[F(zO;z)—(47rr)'"/2]dz.

For every r > 0 we have

-n A(2)(VeI'(20;2)) - ViI'(20;2)
(1.31) (4mr)~"/2 /Q (zo)u(z) (0:7) %) dz
u(z0) —r“"ﬂ/ /2 /Q,(zo) 2)[I'(20;2) — (471'1)_"/2]dz%{

—

In (1.30) Ng denotes the spatial component of the outer normal N = (N¢,N;) to
the surface ¥,(2p).

Theorem 1.5 generalizes mean-value formulas for solutions of Lu = 0 found by
E. Fabes and one of the authors in [FG]. In fact, if in (1.30), (1.31) u is a solution
of Lu = 0, Theorem 1.5 gives back Theorems 1 and 2 in [FG]. In particular, if
L = H,so that T' = K (see (1.17)), and u is a solution of Hu = 0, we obtain from
(1.31)

(1.32) u(zg) = (4%7)_"/2/ u(z)M dz.

Q, (20) 4(to —t)?

Mean-value formulas for temperatures in R**! (solutions of Hu = 0) have a long
history. Pini was the first one to prove and use a surface mean-value formula for
temperatures in R? (see [P1, P2, P3]). Subsequently, Fulks extended Pini’s result
to temperatures in R"*! [Fu]. Finally, Watson proved (1.32) starting from Fulks
result [Wal]. Evans and Gariepy made the key observation that (1.32) could be
used to estimate from above the capacity of the “annular” regions A(zo,to; A¥) in
(1.16). This is done through the following lemma and its corollary. In the sequel,
with K as in (1.17), we will denote 0, = {z € R"*!|K(—2) > (4mr)~"/2} (see
(1.22)).

LEMMA (SEE [EG]). For u € C®(R"™t!) let

(1.33) () =7""/2/Q u(z )It|2 dz.
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Then
—1zl2
(1.34) ®'(r) = gr_("”)ﬂ Hu(z) <M) dz,
Q,
where for t < 0, R,(t) = 2n(—t)In(—r/t).
COROLLARY (SEE [EG]). Suppose that Hu > 0 in Qy,. Then there exists
Cp > 0 such that

(1.35) ®(2r) — &(r) > C',,r_"/z/ Hu(z)dz.
Qr‘/2
In [EG] (1.34) is proved by a direct computation similar to that which leads
to Rellich’s identity for the Laplacian. This is possible because of the explicit
knowledge of the fundamental solution K of H. In our case this approach does not
work. However, if we set for g € R**! and r > 0

(1.36) up(20) = (4mr)~"/2 /n . )u(z)A(z)(VzF(zo;z))‘er(zo;z) i,

I'2(zp; 2)
(1.31) in Theorem 1.5 provides an expression for u,(zp). Using it we prove

THEOREM 1.6. Let u € C®(R"*!), 20 € R™*1, and let u,(20) be defined as
in (1.36). Then

n/2
(1.37) ad;u,(zo) -2 (ﬁr-) /ﬂ B ) 2D s )]

COROLLARY 1.2. For 290 € R™*! and a > 1 let u € C®(Qq2,(20)), with
Lu >0 in Q42,(20). Then there exists a positive constant C = C(n, ) such that

(1.38) Ua2,(20) — Uar(20) > Cr'”/Z/ Lu(z)dz.
Q- (20)
REMARK. If in Theorem 1.6 L = H, so that I' = K, we obtain
R.(to —t)? — |zo —
4(to — ¢t) .

(1.39) ln[(47rr)"/2K(z0 —-2)] =

Therefore, (1.34) is a special case of (1.37).

Theorem 1.3 and Corollary 1.2 are the primary ingredients in the proof of Theo-
rem 1.1. However, there is still a piece of information missing. In the course of the
proof of the sufficiency of (1.10) it is crucial at one point to be able to deal with
regularization of equilibrium potentials, rather than with the potentials themselves.
Since usual mollification does not work in that context our idea has been to use the
averaging operator © — u,, r > 0, where for z € R*t1

_ —n/2 A(S)(Vel(25¢)) - Vel (256)

(1.40) ur(z) = (4nr) /Q,(z) u(¢) T2(z,) dg.
The properties of this operator have been studied in [GL]. There it is proven that
u — u, is a smoothing operator provided that the dimension n is sufficiently high.
This fact, together with a device based on climbing up in the dimension allows us to
prove that every L-superparabolic function which is the L-potential of a compactly
supported measure, can be approximated by smooth functions of the same class,
see Lemma 4.1 below.

We now wish to discuss Theorem 1.2. We begin by recalling the following beau-
tiful result of Littman, Stampacchia and Weinberger.




818 NICOLA GAROFALO AND ERMANNO LANCONELLI

THEOREM (see [LSW]). Let Lo = div(A(z)V) be a uniformly elliptic operator
with bounded measurable coefficients in R™, and let @ C R™ be a bounded open set.
Then a point xg € 0S) is Lo-regular iff xg is A-regular.

This result is based on the discovery that if I'g(z, y) is the fundamental solution
of Lo, then there exists a constant C' > 0 such that for every = # y

C—l

1.41 A
(1.41) |z —y|m—2

< To(z,y) < ————.
> O(I y) — |:t—y|"‘2

An estimate like (1.41) is impossible for a parabolic fundamental solution. In fact,
if we let K,, denote the fundamental solution of the operator oA — Dy, a; > 0,
1 =1,2, then

(142) Heul®t) (-a—2->n/zexp (— ( 11 )ﬁ) z€R™, t>0.

Ko, (z,t)  \oy a1 ay) 4t

This fact has a geometrical counterpart which is enlightened by the following ex-
ample due to Petrovskii (see [Pe]). For t < 0 let p(t) = 4|t| |In |¢||, and let Q be the
region in R? which lies below the curve z2 = 4p(t) and above the line {t = —1}.
Then the point (0,0) € 99 is regular for Hy = 2D, — D;, but it is not regular
for H = D, — D;. We remark that if K and K, are the fundamental solutions
of H and H, respectively, then K(z — y;t — s) < V2K,(z — y;t — s) for every
(z,t), (y,s) € R? with (z,t) # (y,s). Moreover, as in [L3] one can prove

THEOREM 1.7. Let L and M be two operators as in Theorem 1.2. If for a
given (zg,t9) € R*H!

(1.43) A(zo,t0) # B(zo,to),

then there exists a bounded domain D C R™*! for which (zo,t) is a point of D
L-regular but not M-regular (or vice versa).

In light of the above discussion we might say that Theorem 1.2 constitutes the
appropriate substitute for parabolic equations of Littman, Stampacchia and Wein-
berger’s result.

The proof of Theorem 1.2 is based on the next theorem and on Theorem 1.3.

THEOREM 1.8. Let L and M be two operators as in Theorem 1.2, and let ',
and T pr denote their respective fundamental solutions. Let D be a bounded open
subset of R"*! and suppose that for a certain (zg,tg) € OD there exist a B > 0
and r > 0 such that for every (z,t) for which T (zo,t0;2,t) > (4mr)~™/2, we have

(1.44) Ip(zg,to;z,t) < BT (zo, to; z, t).
Then (zg,to) 18 M-regular if it is L-regular.

In proving Theorem 1.8 Wiener’s criterion (Theorem 1.1 above) plays a funda-
mental role. We emphasize the fact that the estimate (1.44) is required to hold
only in an L-parabolic ball with the “center” fixed at (zo,to)-

To close this section we mention that there are in the literature several condi-
tions for regularity which differ from that expressed in Theorem 1.1. For the heat
equation Landis [La] has given a necessary and sufficient condition for regularity
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which is not, however, properly geometric. A sufficient condition similar to Lan-
dis’ one has been given by Nohruzov [N] for operators with bounded measurable
variable coefficients. Still for this kind of operators, using Wiener type series for
constant coefficient operators, some sufficient conditions for regularity have been
proved in [L1]. Finally, we recall the papers of Gariepy and Ziemer [GZ], and of
Ziemer [Z], for quasi-linear operators.

2. A strong Harnack inequality. The aim of this section is to generalize to
our setting a strong form of Harnack’s inequality, Theorem 1.4 above, first proved
by Evans and Gariepy for nonnegative solutions of the heat operator H = A — D,
in R"*! (see [EG, Lemma 3.2]). Such a generalization is hard to come by due
to the lack of an explicit knowledge of the fundamental solution, I', for operators
with variable coefficients. However, Theorem 1.3 above serves to make up for this
lack. The proof of Theorem 1.4 relies on a rather striking result, Lemma 2.1 below,
whose proof occupies the biggest part of this section. In order to illustrate the
idea behind it we consider the case in which the operator L in (1.1) reduces to the
heat operator H. Let then K (z,t) = (4mt)~"/2? exp(—|z|?/4t) be the fundamental
solution of H with pole at (0,0). If we set E(z,t) =In K(z,t), we have for t >0

T |2 n
. =—— DE(z,t) = — — —.
(2.1) V. E(z,t) 57" «E(z,t) W o
Using (2.1) it is immediate to see that given any © > 1 the inequality
(2.2) |V.E(z,t)|* < OD,E(z,t)

holds iff t < §|z|2 with § = §(©) = (© — 1)/2n0, i.e., iff (z,t) lies outside a
paraboloid with vertex at (0,0) and aperture depending on ©. This fact was first
observed by Evans and Gariepy who used it in the proof of Lemma 3.2 in [EG].
Lemma 2.1 below states that if I'(z,¢;0,0) is the fundamental solution of L in (1.1)
with pole at (0,0), and again we set E(z,t) = InT'(z,¢;0,0), then (2.2) has an
intrinsic analogue. By this we mean that if for 6 and r positive we define

W5, = {(z,t) € R"'[(z,£;0,0) > (1/4n7)"/?, t < 6r|z|*},

then for every © > 1 there exists a 6 > 0 depending on © such that for r sufficiently
small

(2.3) |V, E(z,t)|} < ODyE(z,t) for (z,t) € Wy,.

In (2.3) we have denoted by V s, the intrinsic gradient in the metric g;;(t) dz; ®dz;,
gij(t) = a"(t) (see Theorem 1.3), and with ||, the intrinsic length of a vector in the
same metric. (2.3), which is merely (2.13) below reformulated in intrinsic notation,
plays a crucial role in the proof of the strong Harnack inequality, Theorem 1.4.

Before stating Lemma 2.1 we recall an estimate and introduce some notation.
In [A] it was proved that there exist positive constants ay, as, C;, Ca, depending
only on v in (1.2), such that for every (z,t),(y,s) € R**!

(2.4) CiKq, (z -yt —s) <T(z,t;y,8) < C2Ka,(z —y;t — 3).

In (2.4) K,,, 7 = 1,2, denotes the fundamental solution of the operator a; A — D;.
For : = 1,2 and C; as in (2.4) we set for r > 0

(2.5) Qi = Qi(()) = {Z e Rn_HlKa‘(—z) > 0;1(47”')_"/2},
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and also ¥ = 9. (2.4) implies

(2.6) Q! cq, cO?

Q, = Q,(0) being the parabolic ball defined in (1.22). The heat spheres ¥%,7 = 1,2,
are

(2.7) |z|? = RX(t) = 2nautIn(—C; > "a;r~ 1)

r —-C¥"a7'r < t < 0. The functions Ri(t) vanish at ¢t = 0 and at t =
—Cf/"ai_lr. We set n; = —Cf/"a{l, 7 = 1,2. Next we choose and fix a o > 0
such that o < 29175 %, and we let 7 = (120 + 211)/2, so that ne0 < 1 < 2n;. We
note explicitly that with this choice

(2.8) inf{t|(z,t) € Qor} > —omar > —yr,

since by (2.6) Q0 C 02, and the lowest time level of 02, is —omor. For r > 0 we
set,

(2.9) Qr = {(z,t) € Q. |t > —nr/2}.

In what follows we will use the set Q5. This is the parabolic ball {23, with the
part below the hyperplane {t = —nr} removed. Because of (2.8) for every r > 0 we
have Q,, C Q2.

We remark that the functions R}, 7 = 1,2, in (2.6) attain their maximum at

= —C¥™a;te 7, i = 1,2, where R: oy = Ri(t:i) = e~ 1CH"r, i = 1,2.
Therefore, the set Qr is contained in the parabolic cylinder
(2.10) C, ={(z,t) € R"||z|? < 2ne~'C¥/™r, —C2/™ay'r <t <0}
For 6 and r > 0 we define
(2.11) Ps, = {(z,t) € R"!|t < —6r|z|?}.

The set Ps, is the interior of the paraboloid {¢t = —ér|z|%?} with vertex at (0,0)
and opening in the negative time direction. Finally, we introduce the open set

(2.12) Wsr = Qor\Ps,r.

In the proof of Lemma 2.1 below we will find it convenient to work with the operator
(1.1), rather than its adjoint L*. For this reason we define for any of the sets Qor,
Qr, Cyr, Psr, Ws,, introduced above a corresponding starred one, (2}, Q;, C R
Wg .. The starred set is the image of the original one under the tlme-reﬁectlon

(z,t) — (z,—t). Thus, e.g., P}, = {(z,t) € R**|t > ér|z|?}.
LEMMA 2.1. There exist rg > 0, and for every © > 1 a 6 = §(©) > 0 such that
if T =T(2;0) is the fundamental solution of L in (1.1) with pole at (0,0), then
AV, T -V, T DT

(2.13) <O inWj,

for all r < rg.

PROOF. It is based on Theorem 1.3. We begin be remarking that (2.13) can be
rewritten in the intrinsic notation of Theorem 1.3 as

(2.14) IVarT)2 = (Y, T, Var,T) <OT - DT in Wy,
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For t > 0 fixed we have denoted by M, the manifold (K,,,gi;(t)), where K,, =

{zeR"||z|2 < 2ne“102/ "ro} (see (2.10)), and ro will be fixed, conveniently small,
later. At this point we ﬁx a k € N large enough in Theorem 1.3 (k > n/2 + 10 will
do!) so that we can write for z € C,, (see (2.10)),

I'(2;,0) = e (2) + wk(2),
(2.15) D;T'(2;0) = Djnk(2) + wk ;(2), j=1,...,n.
D.T'(2;0) = Dk (2) + wi(2).

In (2.15) we have set v,(z) = G(z; )Z o tu;(2), where G(2;0) = G(z,0,t) =

(4mt)~™/2 exp(—d?(z,0,t)/4t) is the generalized Gaussian and the u;’s are the func-
tions appearing in (1.18). Moreover, wg,wk,j, J = 1,...,n, and W are (n + 2)
functions in C, such that

(2.16) wk(2) = o(ro), wk,;(2) =o0(ro), wk(2)=o0(ro),
as rg — 0.

If we set W, = (wk1,..., Wk ) We can rewrite the second equation in (2.15) as
(2.17) V. I(20) = Ve (2) + At) Wk(2),

A(t) being the matrix (a;;(t)) = (g:5(t))~*. Henceforth, we will use the notation
| |2 = (-,-)¢ for the square of the Riemannian length in M,;. We will also take the
freedom of switching, when needed, from Euclidean to intrinsic notation, and vice
versa. Finally, we set

k
(2.18) m(z) = Y tu,(2).
j=0

We can then write

2
k
(2.19) ne(z) = (UO+tth_luj) = ug + Xk,
5=0

where xx € C*®(C;,). We are now ready to prove (2.14).
Using (2.17), recalling that v, = Gy, we obtain for the left-hand side of (2.14)

(2.20) (Va,T, Var,D)e = VM, TI? = 1V, wel? +2(V v, A() W ie)e +A(E) W2
Now the fact that

(2.21) VMG = —%GVM,dz, VG = —%GVdZ,
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and a computation give
(2.22)

d? d
|V Tl = EGQﬂE - ZG277k(VM,d,VM¢7Ik)t
+ G2A(t)Vn - Vi + 2GA(t) V. - W

d — —_ =
- —Gnk(VMtd,A(t) wk)t +A(t)wk C Wk

4t
= @GQ {ug +t [Xk + d—QA(t)V'I’]k

8t 1

+E-2-5A( )Vnk wk +

d2G2A( )E)k . wk]

4t 4t 1 —
+d [d_gnde(nk) - d_gankA(t)Vd' 'wk] }

In passing from the first to the second equality in (2.22) we have used the fact
that if f = f(d) depends only on the radial coordinate d, and g is a C! function
on M, then (Vs f,Vm,9)t = f'(d)Dgg, where Dg = 0/0d. We recall now that
on Q. T' > (47r9)~™2, hence I'~! < (47ry)™/2. By the first equation in (2.15)
I' = Gk + wg, where ng(z) — up = 1 and wg(z) — 0 as 2 € Cy, and 79 — 0.

Therefore, G™!(z) = O(rg/ 2) as z € (0, and 79 — 0. These considerations allow
us to write (2.22) as

(2.23) |V, T)? = Tl G2{u0 + th + dk},

where h(z) = O(1) and k(z2) = O(1), as z € Ws, and ro — 0.
We now look at the right-hand side of (2.14). The first and third equation in
(2.15) and the identity

(2.24) D,G = (d%/4t* — n/2t — D;d?/4t)G
give

(2.25)

I DI = e Devie + Yewie + Deviewie + wiei

e w\[(d _n_1p, 0 Dk
=@ ("’”LG)KM 2 2tD‘d)"’°+Dt"’°+G]

=92 2 Wk N _ b (2 Wk 2
4tgc:{ (anG) = (nk+Gnk)(2n+Dtd)

Wk

+t 14+ —

[Xk( ﬂkG)
4t MeWr WDk Wik
+ﬁ(’7’°Dt”’°+ ¢ TT ¢ T )]}

Considerations similar to those made before (2.23) lead us to rewrite (2.25) as

d? t
(2.26) DT = mG2 {u%go— d—2\Il+tx},
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where p(2) — 1, ¥(z) = O(1) and x(2) = O(1), as 2 € Q, and r9 — 0. At this
point, using (2.23) and (2.26) we can prove (2.14): it will be sufficient to show that
there exist ro small enough and a § = §(©) > 0 such that for every r € (0, rg]

t . -
(2.27) uf+th+dk<© <uggo - 3—2-\11 + tx) in Wy,.
(2.27) is equivalent to
(2.28) 05V < (O — ud +UOx —h) —dk in Wj,.

Since (Op(z) — 1)ud(t) » © — 1 as z € Q, and ro — 0, it is clear that we can find
ro > 0 sufficiently small such that

(2.29) (Op — 1)ud +t(©x — h) —dk > (6 —1)/2 on Q,

for every r € (0,79]. Now let M = supq, |¢|. Using the fact that there exist two
positive constants «, 8 such that for every z,y,t

(2.30) a|z —y|* < d*(z,y,t) < Blz -y,

it is clear that (2.28) will hold if we choose § > 0 in the definition (2.11) of Ps,
such that 6 = a(© — 1)/20M, with « as in (2.30). This completes the proof of
Lemma 2.1.

We are now ready to give the

PROOF OF THEOREM 1.4. We recall (see (1.26)) that Q2, is the set {(z,t) €
Qor|t > —nr} (see the beginning of this section). Let then u > 0 be as in the
statement of Theorem 1.4. By homogeneity we may (and do) assume that

(2.31) ][ u(z, —nr)dz = 1,

Ir
where I, is defined in (1.27). To prove (1.28) we must then show that there exists
a A > 0 such that
(2.32) inf uw>A"1.

Q(3/4)0r
We now fix rg > 0 and a 6 > 0 such that (2.13) in Lemma 2.1 holds corresponding
to the choice v = 4/3. Estimating u from below in that part of {(3/4),» Which
lies in Ps,, (see (2.11)) is an easy matter. Because of (2.32) and the time-lag (2.8),

Harnack’s inequality assures the existence of a constant € > 0, independent of r,
such that for r < rg

(2.33) inf{u(z)|2 € Qpr NP5 .} > €.

The difficult part of the proof is to estimate u in that part of {(3/4)o, Which lies
outside Ps,, i.e., in the set Ws, defined in (2.12). But we have already done
the hard work in proving Lemma 2.1. At this point we follow an idea in [EG]:
we construct a positive function v that vanishes on the parabolic sphere ¥,, and
is bounded from above along 5y N OPs,. Lemma 2.1 will then prove that the
constructed v is a subsolution. As in [EG] we take

(2.34) ¥(s) = arctan(s + 16) — arctan(16),
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so that for s€ Rt

¥(0) =0, 0< ¥(s) <n/2,
(2:35) { ¥'(s) >0, 0< —0"(s) < FW(s).
Now we set
(2.36) v(z) = ¥(In[(47wor)™/T(0; 2)]),

where I'(0; z) is the fundamental solution of L* = div(A(2)V,) + D; with pole at
0= (0,0) € R**1. By (1.21) it is obvious that

(2.37) v(z) =0 for every z € ¥,,\{(0,0)}.
Also by (2.35)
(2.38) v(z) <7/2 for z € Qyr NIPs,.

At this point we

Clatm. Lv(z) >0 for z € W .

Let us assume for a moment the claim is true. Then by (2.33), (2.37), (2.38), the
fact that u > 0 in ¥,,\{(0,0)}, and the maximum principle we would infer that

(2.39) u>cv inWs,,
with ¢ = 2¢/m, € as in (2.33). Since I'(0;z) > (3mor)~™/2 on Q(3/4)0r \Ps,r, (2.39)
would finally give

(2.40) inf u>c inf v>CV¥ (ln (%)nﬂ) ,
Q(3/4)0r\Ps,r Q3/a)or\Ps,r

which, together with (2.33), implies (2.32). Therefore, to complete the proof of the

theorem we only have to prove the claim. To this end we observe that proving the

claim is equivalent to proving that if we set

(2.41) w(z) = ¥(In[(4mor)"/?T (2;0))),
then
(2.42) L*w>0 inW;,.
Now a computation yields
! . D,T
(2.43) Lw=Yir+ (49" — W’)M +20' 2
r r? r
AV, - V,.T DT’
_ " _ g T z 1 Pt
= (40" - ¥)—*; +20' =,

where in the last equality we have used the fact that L(I'(z;0)) = 0 for z # (0,0).
Because of (2.35) ¥’ — 49" < 3¥’/2. Therefore (2.42) will be true if
AV, I'-v,I' 4D,T
< =
I?2 -3 T
for all r sufficiently small. But this is (2.13) with © = 4/3, thus the claim follows
from Lemma 2.1.

(2.44)

in Wy,
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3. Mean value formulas for solutions of Lu = f and their conse-
quences. In this section we will generalize to solutions of the inhomogeneous
equation Lu = f some weighted average formulas for solutions of Lu = 0 that
were found in [FG] (see Theorem 1.5 in §1). Then we will study the derivatives
of these averages as functions of the radius (see Theorem 1.6 and Corollary 1.2).
(1.38) above extends to our setting well-known mean value and sub- (super-)mean
value properties of harmonic and sub- (super-)harmonic functions. It is an immedi-
ate corollary of it that if Lu > 0, then its “average” (1.36) is an increasing function
of the radius. Corollary 1.1 generalizes to the case of operators with variable coef-
ficients part (c) of Lemma 3.1 in [EG]. It will play an important role in the proof
of the sufficiency of Wiener’s criterion in §4.

In what follows L will denote the parabolic operator introduced in (1.1). We will
indicate the points (z,t), (zo,t0), (§,7) in R™*! respectively with the letters z, 2o,
¢. T'(20,2) =T (zo,t0;z,t) stands for the fundamental solution of L. As a function
of 2z, I'(2g; 2) is the fundamental solution of the backward operator

(3.1) L* = div(A(2)Vy) + D,

with pole at z = 2. Sard’s theorem and the fact that I'(zg;-) € C®(R"**\{z})
imply that for a.e. r > 0 the set ¥, (29)\{20} defined by (1.21) is a smooth regular n-
dimensional manifold in R**!. Moreover if (2,(2g) is as in (1.22) 8Q,(29) = ¥, (20).
It was proven in [FG] that: if u is a (smooth) solution to Lu = 0 and if 2o € R*+!,
then

(i) for a.e. r >0

_ A(2)(V:I(20; 2)) - ViI'(20; 2)
B )= [

dH,(z);

(ii) for every r > 0

(3.3) u(zg) = (471-7-)“"/2/ u(z)A(z)(VzT(zO;z)) - ViI'(20;2) dz.

Q, (20) I'%(z29; 2)

In (3.2) and (3.3), - denotes the inner product in R™, while in (3.3) |(V,T, D,T')|
denotes the Euclidean length in R"*! of the (n+1)-dimensional vector (V,.T, D,T),
and dH,, the n-dimensional Hausdorff measure. Theorem 1.5 extends (3.2) and (3.3)
to solutions of the inhomogeneous equation Lu = f. Its proof is modelled on the
arguments in [FG] so that we will try to avoid repetitions as much as we can without
affecting readability. An important tool in [FG] was the so-called co-area formula
of Federer (see [Fe, Theorem 3.2.12, p. 249]). This states that: if f € L!(R"*?)
and g € Lip(R™*1), then

a0 [ N0 Dot = [ da ([ feame).

PROOF OF THEOREM 1.5. The proof of (1.30) imitates that given in [FG]
of the above-mentioned surface formula (3.2). We therefore omit the details and
refer the reader to that source. As for the proof of (1.31) we will only indicate how
Federer’s formula (3.4) can be used to obtain (1.31) from (1.30). Setting [ = r in
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(1.30), multiplying both sides by {*/2~! and integrating between 0 and r gives

(35) - / /2 /F s MOAG T a055) - Fels) ()T

u(z0)r™/? + / l"/z/ u(2)[[(20; 2 (4#7)_"/2]dzd—l.
r'>( 47rl)"'/2 l

In (3.5) with abuse of notation we have denoted by I' = (4nl)~™/2 and ' >
(4ml)~™/2, respectively, the sets ¥;(z9) and ((zp). Now observe that (3.4) can
be rewritten

(3.6) /Rm f(2)dz = /: do (/Fa %d}ln(z)) .

Using (3.6) in the left-hand side of (3.5), recalling that ﬁe = -V I'/|(V I, D,I')|,
yields

37)
/ AT o) Nel)dHn(6)
(4mwl)—n/2

= 1\ -2 A(¢)(Vel'(203¢)) - Vel'(205¢)
B <47’> /(47rr)‘"/za /l"=au(§) Vel (or ), i (zorg))] L m(6) de

21\ A(2) (Vo (20: 2)) - VT (20 2)
Ton (E> /r>(4m) e U2) I'2(20; 2) de

Inserting (3.7) in (3.5) gives (1.31).
We now introduce the following weighted averages of a function u € C®(R"+1!):

A(2) (VI (20;2)) - VaT (205 2)
+(20) “ I'2(z20; 2)

(3.8) ur(20) = (47r1')_"/2/ dz,
Q

where zg € R™*! and r > 0. Using (3.8) we might rewrite (1.31) as

(3.9) ur(20) = u(z0) + gr_"/z /OT n/? /01 . Lu(2)[T(20; 2) — (47l)~ "/2]dzdl.

We are now ready to give the
PROOF OF THEOREM 1.6. Differentiating (3.9) gives

(3.10)

d

el - _ ﬁ —n/2 1 n/2/ F 4 l—n/? d d_l
drur(zo) 2 / l U (z0) [ 2052 ) ( 7l') ] zl

r1 / Lu(2)[[(20; 2) — (477) ™% dz.
2, (20)

NS

+
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Now, by Tonelli’s theorem
T

(3.11) / n/? / Lu(2)[[(20;2) — (47rz)-"/2]dzﬂ
0 Qi (zo0) !

= / Lu(z)/ ™20 (20; 2) — (47rl)_"/2]ﬂ dz
Q,(zo0) ( !

(4m)n/2T (20;2)) =2/

= /Q o Lu(2)[T(20; 2)2n~ 11" — (41)~"/%1n l]f:f(‘m)"mr)_z/n dz
rl20

=2 / Lu(2)T (z0; 2) dz — 2 (4) /2 / Lu(z) dz
n Qr(20) n Qr(20)

_ 2 gm)nr2 / Lu(z) In[(477)"/2T (z0; 2)] dz.
n Q,(z0)

Inserting (3.11) in (3.10) and simplifying finally gives (1.37).

REMARK 3.1. The remarkable feature of equation (1.37) is that the kernel
In[(47r)™ 2T (20; 2)] appearing in it is strictly positive. This is so since I'(zo;2) >
(47r)="/2 on Q,(29). As a consequence, the sign of the derivative (d/dr)u,(zo)
depends solely on the sign of Lu. Hence, if Lu > 0, i.e., if u is a subsolution of L,
then (d/dr)u,(29) > 0, a result which extends to our setting well-known properties
of subharmonic functions.

PROOF OF COROLLARY 1.2. We have by (1.37)

(!21' d

_us(ZO) ds

(3.12)  uq2,(20) — tar(20) = / ds

ar
21‘

a
(4m)~™/? / s /2 / Lu(z) In[(475)™ T (20; 2)) dzﬁ
ar Q4 (20) 8

o3

2

|3

a?r
(47T)_n/2/ Lu(z) In[(4mzr)™/?T (20; 2)] d2 (/ s-"ﬂ%) .
2 (20) ar

Now (47m7)™/2T'(20; 2) > 1 on Q,(2p), hence (3.12) yields (1.38).
We wish to close this section observing explicitly that if A(z) = Identity, and
therefore L = H = A — D, the heat operator in R"*!, then

T(2052) = [4(to — £)]7™/% exp(~|z0 — 2I?/4(to — 1)),

the Gauss-Weierstrass kernel in R™*!. In this case if zo = (0,0)

2 — —
(3.13) ln[(47”.)n/21-\(0’ Z)] — I.’El 277;1tt1n( t/T)’
so that (1.37) becomes
L] - —n/2/ |z|2 — 2ntIn(—t/r)
(3.14) dru'(ZO) T2 (4r) Q,(0) Hutz) 4 dz.

(3.14) is, up to constants, the formula found by Evans and Gariepy (see part (b)
of Lemma 3.1 in [EG]) by a direct computation, possible for them because of the
explicit knowledge of T'.
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4. Wiener’s criterion and its consequences. The main goal of this section
is to provide the proof of Theorems 1.1, 1.2 and 1.9. Before starting, however, we
need to recall some facts from potential theory. For a compact set F C R**! we
define for z € R**!

(4.1) vE(2) = inf{u(z)|u is L-superparabolic, u > 1 on F, u > 0},
Vi (2) = lim vg(¢).
c—z

VE is called the L-equilibrium potential of F. In what follows, when no confusion
will arise, we will simply denote vk and V¥ by vr and Vp, respectively. In a
standard fashion (see, e.g., [L1]), it can be proved that there exists a unique u €
M*(8F), called the L-equilibrium measure of F, such that

(4.3) T,(2) = Vr(2), z € R"H1

and

(4.4) p(R™1) = cap (F).

Moreover

(4.5) 0<Vr<1, and Vg(z)=1 forz EE‘ .

In the course of the proof of Theorem 1.1 below we will work only with bounded
L-superparabolic functions which are potentials ', of some u € M*(F), with F a
compact subset of R®*!. From now on we will denote by P the class of all such
functions, i.e.,

(4.6) P = {u L-superparabolic |u € L®(R"*!), u=T,
for some u € M*(F), F c R"*! compact}.

The class P enjoys a remarkable approximation property, which is expressed by the
following

LEMMA 4.1. Let u =T, € P. Then there exists a sequence (u;)jeN, with
u; € PNC*R™!) and u; < ujqq for every j € N, such that lim; o u; = u.
Moreover, (u;)jen can be chosen such that

(4.7) suppu = (] supp(Lu;),

JEN
and that for every 8§ > 0 there ezists p € N for which u;(2) = u(z) for everyj > p
and any z such that dist(z,supp u) > 6.

We do not present here the rather long proof of Lemma 4.1, but refer to [GL]
for it. We only mention that the possibility of approximating any potential with a
smooth one ultimately relies on the regularizing properties of the parabolic averag-
ing operator introduced in (1.40).

Hereafter, we will adopt the notation of §2. We fix once and forever a bounded
open subset D C R™*! as in Theorems 1.1, 1.2, and 1.8, and we will assume from
now on that the point zo = (zo,t9) € D in those theorems coincides with the
origin. This is not restrictive.
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PROPOSITION 4.1. With C, defined by (2.10), zo is L-regular for D iff there
exists 1 > 0 such that Vo \p(20) = 1. If 20 ts not L-regular we have
li =0.
Jim Vo,\p(20)
PROOF. See, e.g., Lemma 1.3 in [L1], Theorem 7.2 in [B] and Theorem 4.3.1 in
[Ba].

PROPOSITION 4.2. Let (Fi)ren be a sequence of compact subsets of R™*1,
and let F be another compact set such that F C \Jzo, Fx. Then

oo
(4.8) VP <Y Vg,
k=1

PROOF. It follows by a step-by-step imitation of the argument in the proof of
Theorem 1.2 in [L1].
In stating the next result we recall the definition (1.8) of L-capacity.

PROPOSITION 4.3. There exists a constant C, depending only on L, such that
for every compact F c R™*!

(4.9) C capy(F) < capy(F) < C~lcapy(F),
(4.10) Ccapy.(F) < capy(F) < C™ ' capy. (F),
where

(4.11) L* =div(A(z,t)Vz) + Dy

18 the adjoint of L.
PROOF. By (2.4) and (1.8) we obtain
(4.12) C, capy, (F) <cap(F) < Cy capy, (F).

The proof of (4.9) now follows directly by Proposition 2 in [L2]. The proof of (4.10)
follows by (4.9) and the fact that

(4.13) capy (F) = capy-(F),
where H* = A + D, (see [W2]).
LEMMA 4.2. Zzy 18 L-regular for D iff for every r,c > 0 it is L-regular for the
open set D, ., where we have set
o
D,.=DU{z € C,|I'(20;2) < (4mc)~™/?}.

PROOF. We observe preliminarily that zo € D, .. Since D, D D, it is clear
that zg is L-regular for D if it is L-regular for D, ., for any r,c > 0. It is then
enough to show that if 29 is L-irregular for D, . then it is L-irregular for D. Now
if 29 is L-irregular for D, . we have

(4.14) lim Voo, (20) = 0.
ButforO<p<r
(4.15) C,\D C (Co\Dy ) U F,_,
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where

Fpe = {2z € G| (20, 2) < (4mc)™/?}.
Hence
(4.16) Ve,\p(20) < Ve, \p, . (20) + VF, . (20)-

To prove that zp is L-irregular for D by (4.16) and (4.14) it is then sufficient to
show that

(4.17) lim Vg, (20) =0.
p—0+

To this purpose we observe that if u is the equilibrium measure of F, ., we have

(4.18) Vg, (20) = i T'(20;¢) du(s) < (4me) ™2 u(F,.)

= (4mc)~™/? capy (Fp.c) < (4mc)~"/? cap;(Cp) < (4mc) "™/ 2Ap",
where A > 0 is a number which depends only on L. The last inequality is justified
by noting that capgy(AF) = A"capy(F) for any compact set F, where \F =
{(Az,\?t)/(z,t) € F}, and by (4.9). By (4.18) the proof is complete.
We are now ready to give the

PROOF OF THEOREM 1.1. Necessity. This is the easy part of the proof. We
show that if for any A € (0,1)

[e o)
(4.19) Z A~k(M/2) cap, (D(AF)) < 400,
k=1

then zg is L-irregular for D. In (4.19) we have set
D(X*) = D° N A(z0; \¥)
= DN [{z € R™|(4rA\¥+1) ™2 > D(z9;2) > (4nAF)™™/2} U {20}]
(see (1.9)). By (4.19) there exists p € N such that

oo
(4.20) > ATk cap; (D(AF)) < A2,

Now if ¢ = AP we have C,\D, . C UgZ, D(A*). Therefore, by (4.8) we obtain
(4.21)

Veap,.(20) < ZVD(A" 20) Z capy (D 47r/\k+1) n/? < (47r)'"/2 <1
k=p

By Proposition 4.1 we conclude that zg is L-irregular for D, .. By Proposition 4.1
it follows that 2 is L-irregular for D.

Sufficiency. We assume that (1.10) holds. In what follows we will proceed along
the lines of the proof of the sufficiency in [EG]. To begin with, since by (1.10) at least
one of the four series Y 5o | A~(4k+0n/2 cap ) (D(AMk+1)) ¢ =0,1,2,3, diverges, we
may assume that

[e o]
(4.22) Z A~k 2 cap (D(AYF)) = 4o0.
k=1
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Since cap;(C,) — 0 as r — 01, for every k € N we can choose 7, > 0 such that
replacing D(A*F) by D(A**) N (R"*!1\Cy,) = Fu, (4.22) still holds. We will show
that 2 is L-regular for

(4.23) D =C1\ (U Fae U {z0}> =C)\F.

k=1

Since DN é’l C b, this will be enough to conclude that zy is L-regular for D. We
denote by V the equilibrium potential of F' and set

(4.24) W=1-V.

Claim. W(0) = 0.
It is clear that by Proposition 4.1 the claim implies the L-regularity of z9. For
any € > 0 and any k € N we choose a compact set Fj, such that

(4.25)  F§, D Fu, F§ CF f0<e<e, [ (U 7 U{zo}) =F.
e>0 k

Moreover, we request that
(4.26) € C {z € RV (4nAF+2)7"/2 5 D(z52) > (4matk—1)=/2)

and that F¢ = |J, F§, U {20} be compact. Let now V¢ and u® be respectively the
equilibrium potential and the equilibrium measure of F¢. From now on, to simplify
the notation we drop the subscript k. We assume that £ € N has been fixed
throughout the discussion and we simply write V* and v* to denote respectively
the equilibrium potential and measure of Fy; with respect to the operator L* in
(4.11). By Lemma 4.1 we can find two sequences (Vi)jen, Vi € PN C?, and
(V})jen, V] € P*N C? (P* is defined as in (4.6) replacing L with its adjoint L*),
such that

(4.27) 0SVETVE,  0<V VY
for every 6 > 0 3p € N: VF(z) = V() for j > p, for every

(4.28) z € R"! such that d(z; F€) > §; moreover, Vi(2) = V*(z) for
J > p and every z € R™*! such that d(z; Fyx) > 6.

In particular, we have

(4.29) L'V} = -u},

where v} € C(R™1!), vy 2 0 and suppv; = compact. By (4.27) we infer that for
every Borel subset A C R™*!, such that A O Fy

(4.30) vi(A) —» v*(A), asj— oo,

o
where obviously v (A) = [, v;(z)dz. Moreover, as V€ = 1 on F§, it is not
restrictive to suppose that

(4.31) VE(z) =1 for every z € suppv;.
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At this point we fix 0 > 0 as in the discussion following (2.7). We then choose a
A € (0,1) such that A < 30, and set r = A*~2. With this choice A**~! < or,
therefore (see §2) we have

(4.32) Q(2r) D Qgr D Npak-1 D ka.
In Q(2r) we set WF =1—VF and write
(4.33) W =p; - s5,

where p§ solves the problem

(4.34) { Le; =0 Q)

PiloQear\(z0r = W7,
and s§ = p; —W7 (we remark that for r sufficiently small every point of 0Q(2r)\{20}

is L-regular for Q(2r); this has been proved in [GL]).
Following the argument in [EG] we have

(4.35)
2
(inf p;) U (Qgorsa) < fn (1)2(2)v1(2)dz (by (432))
30r/4

3o0r/4

< / (15)(2)v] () dz  (by (4.33) and (4.31))
Q(2r)
_ /Q MCHCEOEES /Q o EPALV () dz oy (129)
= —/ L((s§)2)(z)1/j*(z) dz (recall s =0 on 0Q(2r)\{20})
Q(2r)

I /Q o SEALSEV () =2 /Q o AT ) Ta IV (e

<2 / $5(2) LS (2)V (2) dz
Q(2r)

=2 /Q o s(2) LWE(2)V; (2)dz  (by (4.33) and (4.34))
(since LWE = —LVF >0, 0< s =p5 —Wf <p5 <1, and0<V; <1)
< 2/ LW (2) dz.
Q2r

Now by Theorem 1.4 and Corollary 1.2 we obtain from (4.35)

2
(4'36) (f p;(:l?, _"77') d:l:) V;“(0301'/4)'r—n/2 < Cn,a[Wfﬁa?r(zO) - Wf,2ar(z0)]7

where o > 1 has to be chosen. Now we take @ = A~! so that 2ar = M\¥*—3
2a%r = A*—4 hence
(4.37) Wfg42,(20) = WSaar(20) = WS yak-a(20) — W} yae-s(20)
4
<
j=

(W yax=i(20) = Wy yar-ix1(20))  (by Corollary 1.2)
1
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Now by (4.27) and (4.30) we have as j — oo
(4.38)
W;i,—W; for p>0, v;(Qsor/4) — v*(Q35r/4) = capp. (Fax) (see (4.4)),

since Fyr C (35,74 (We observe that M, < 307/4). Moreover, since F N {(z,t) €
Q(2r)|t £ —nr} = O, we have s%(z,t) = 0, for j large enough, if (z,t) € Q2r and
t < —nr. By (4.38), taking into account (4.37), and letting j — oo we obtain

2
(4.39) ( ][ We(z, —nr) dw) capy,. (Fax)r~™/?
|z|2< R} (=nr)

4
< Cn,\ Z{W§4k—i(zo) - W§4k—|‘+1 (Zo)].

1=1

Nowase | OWE T W, where0 <W < land W =1-V inan open neighborhood
of the set {(x,—nr)||z|? < R}(—nr)}. The proof of this fact follows exactly as in
the proof of (5.6) in [EG]. Therefore, letting € — 0% in (4.39) we finally obtain

2
(4.40) <][ W (z,—nr) dz) capy. (Fax)r—™?
lz|2< R} (=nr)

4
< Cn, A Z[W)‘«tk—i(Zo) - W)‘4k—i+1 (Z())].

1=1

Recalling now that r = (1/2)A*%~2, and setting
Br = ][ W (z,—1/2n3*~2) dz,
|z]2<R}(—1/2nA%%k~2)

by (4.10), (4.40) and the fact that 352, S0 | [Wyak—i(20) — Wiak—i+1(20)]) is a
telescopic series, we conclude that

[ <]
(4.41) Z B capy (Far) (M) ™™/2 < +00.
k=1
By (4.22) we must have
(4.42) lim B =0.
k—o0

With (4.42) in hand the rest of the proof of the claim (W (0) = 0) follows exactly
as in the case of the heat equation. We leave out the details referring the reader to
(EG].

Our next task is to prove Theorem 1.2. We do this by first presenting the

PROOF OF THEOREM 1.8. We prove that if 29 = (zo,t0) = (0,0) € D is
not M-regular, then it is not L-regular. In the sequel since we want to distinguish
between the two operators L and M, we will explicitly indicate dependence on
one or the other. Since by Lemma 4.2 2y is L-irregular for D iff it is L-irregular

for D=DuU {z €C,IT(20;2) < (4mc)~™/?}, we may assume that C,\D C {z €
R" T (205 2) > (4m¢)~™/2?}. Hence by (1.44) we have

(4.43) I'1(z0;2) € BT'p(20;2) for z € C\D.
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If 2z is M-irregular, then by Theorem 1.1

oo
(4.44) D ATE/2 cap (D™ (AF)) < oo,
k=1

for some A € (0,1). (4.44) implies that for every € > 0 there exists p € N such that
o]

(4.45) D ATk 2 capy (DM (AF)) <&
k=p

Now, as in the proof of the necessity in Theorem 1.1 we take ¢ = AP and we assume
that p is such that \?» < r. We have

(4.46) C\DM ¢ U DM ()k),
k=p
and therefore as in (4.21) we obtain

(447) VC \DM, Zo Z VDM(Ak)(ZO)
k=p
Now, if ui is the L-measure of equilibrium of D™ (\*) we have by (4.43)

(4.48)  VEu ) (20) = / Po(z0:6)due(c) < B [ Tar(zoss) duses)
Rﬂ+l Rn+l

< CATE2 (R = €A cap, (DM (AF))
< CYATF 2 capy, (DM(VF))  (by (4.9)),

where C” is a constant that does not depend on €. (4.47), (4.48) and (4.45) can be
summarized saying that for every € > 0

(4.49) Vé‘r\Dyc(zo) < C".

On the other hand (1.44) implies that

(4.50) CADE s, € C\DM,

where B is as in (1.44). If we take C"e < 1 in (4.49), (4.50) gives
(4.51) VCr\DL (20) < L.

B~ 2/n.

Lemma 4.2 and Proposition 4.1 allow us to conclude that zy is L-irregular.

We are now in a position to give the

PROOF OF THEOREM 1.2. As before, we suppose that 29 € dD is the origin.
Moreover, as this is not restrictive, we can suppose that

(4.52) aij(Z()) = b,‘j(Zo) = (5,‘1’, ’L',]' = 1, coa,n

The precise estimates of the fundamental solutions I'y, and T'ps (see Theorem 1.3)
allow us to
Claim. There exists a constant B > 0 such that for an r sufficiently small,

(4.53) I'1(20;2) < BT'm(205 2)

Jor every z for which T'(20;2) > (4mr)~"/2,
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Let us assume for a moment that the claim is true. By Theorem 1.8 we conclude
that if 29 is L-regular, then zg is M-regular. Reversing the roles of L and M in the
claim would complete the proof.

The proof of the claim is based on (1.18). As for the first equation in (2.15) for
k € N large (k > n/2 will suffice) we can write

(4.54) T'1(20;2) = G(20: )i (2) + wi (2),
for z € C, (see (2.10)) and r sufficiently small. In (4.54)

Gr(z0,2) = (—47rt)_"/2 exp <dL(04;: ))

(remember, ¢t < 0 now!), nk is defined as in (2.18), and wf(z) = o(1) as z — 2.
As analogous expansion holds for I'as(29; z). On the other hand, taking (4.52) into
account, denoting by exp¥ the exponential map with pole o = 0 € R™ in the
L-metric g;;(t) = a'(t), we can write

(4.55) di(z,0,~t) = |(expy)~}(2)|* = |(expg) "' (z) + O(tz)| = |z’ (1 + oL (2, 1)),

where ¢ (z,t) = O(|z| + |t]) for (z,t) — 2o.
Analogously, we have

(4.56) diy (2,0, ~t) = |z (1 + pum(z,1)),

where pum(z,t) = O(|z| + |t]) as (z,t) — 2o.

The claim now follows directly by (4.55), (4.56), (4.54) and its analog for Iy,
and the fact that on the set where 'z (20;2) is large, namely where I'p(z0;2) >
(4mr)~™/2 we have

|z|2 = O(|t|In|t|) ast— 0.
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